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Thermal radiation from small particles
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We derive an expression for the emission of electromagnetic radiation from small, highly excited, and
isolated particles in a cold environment. The result is a generalization of Planck’s blackbody formula on two
counts. One is due to the finite level densities of small particles. It is most pronounced for very small particles
and for high photon energies. The other effect is the absence of stimulated emission which influences the
low-energy part of the spectrum. We discuss some consequences for the interpretation of experimental emis-
sion spectrafS1063-651X98)03211-5

PACS numbdps): 05.70—a, 44.40+a, 36.40--c, 95.30.Jx

INTRODUCTION of the particles. Although the results are derived with mo-
lecular beam experiments in mind, they are generally appli-
Thermal radiation has had a profound significance on theable to radiation from small, isolated, and highly excited
development of modern physi¢$] and is one of the funda- particles in a radiative cold environment. These particles will
mental processes in nature. It has an importance that spansio be assumed to exhibit a strong statistical mixing of
very large range of physical systems, from astronomical andtates, so that the emission rate and the frequency of the
cosmological guestions to the more specialized but relatedmitted light is independent of the way the energy is origi-
discipline of thermal radiation from small particles. The lat- nally deposited into the particle. This implies that the radia-
ter has recently been the object of laboratory experimenttive lifetime is much longer than the time needed to ex-
which demonstrated thermal radiation from small particles ashange energy between two quasistationary states. Even for
well as from clusters and molecul§g-5|. Also the influ- very small particles, the evidence obtained so far argues
ence of radiative cooling on unimolecular reaction rates hastrongly in favor of this ordering. The emission spectra mea-
been studied, mainly in fullerene molecul&s-9. sured in[2-5] are surprisingly similar considering the very
The radiation spectra have all been interpreted in terms dflifferent preparation methods; they range from pulsed laser
Planck radiation, modified by a spectral emissivity whichdesorption of carbon molecules to chemical oxidation of
depends on both the wavelength of the light and the dimentransition-metal clusters.
sion of the particld10] in a nontrivial extension of the op- The emitted radiation from small, isolated particles is
tical properties of macroscopic bodies to microscopic sizeschanged compared to macroscopic radiation for four differ-
In this paper we consider how the Planck radiation itselfent reasons: (i) The finite linear size of the particles influ-
must be generalized in order to describe the radiation fronences the spectral emissivitsee[10]), as mentioned above,
small particles, a generalization which goes beyond theii) the related but different phenomenon of a limited heat
modifications due to the emissivity. In the situations de-capacity,(iii) the fact that the radiation occurs at specified
scribed in[2-5], the radiation will be shown to have a form energy as opposed to constant temperature, and fifig)ly
different from the usual radiation law of a Planck expressiorthat the particles emit the radiation without the presence of
corrected by an emissivity. For sufficiently small particles,any appreciable blackbody radiation from the surroundings.
not only the spectral emissivity differs from bulk values, but  The finite-size effects of the emissivity mentioned under
the radiation will also be influenced by the finite number of (i) arenot the subject of this paper and we will not go into
degrees of freedom of the particles. details with the subject but simply apply the results when-
ever needed. Let us just mention that the theory relates the
absorption efficiencyQ,ps, Of the very small particles in,
e.g.,[4,5] (on the order of 100 atomdo the ratio of the
particle radiusr and the wavelength of the emitted photon
As in the case of the spectral emissivity corrections, the: and to a function of the complex index of refractian,
modifications can be traced to the finite size of the particleQansiS defined as the ratio between the actual photon absorp-
They apply to small particles that only exchange energy witHion cross section and the geometric one,
the surroundings through emission of radiation. The deriva-
tion will follow the one given by Einsteifl1] and gives the
spectral emission in terms of optical and energetic properties

OPTICAL EMISSION FROM SMALL, ISOLATED
PARTICLES

O ap= Qapgrl 2, 1

Under certain conditions the relation attains a particularly
*Electronic address: kih@dfi.aau.dk simple form[10]:
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2

8mr m*—1 constant over the spectral range covered. Then the integral is
Qabs™—— IM| 1275 - (20 on the order ofr, AE, whereo,, is the average cross sec-

tion in the wavelength region anilE is the photon energy
This expression was used j4,5] with m constant. To the interval spanned in the experimetE is typically 2—-3 eV.
extent this simplified expression holds, one sees that the ag-hus
sorption cross section is proportional to the volume of the
particle or, in other words, to the number of atoms compos- fwa dE> o, AE. (5)
ing the particle. In the spectral regions wherebehaves
reasonably, i.e., away from resonanc€g,sis small com-
pared to one by a factor of typically A and the absorption Then the cross sectiom,, is limited by

cross section is similarly suppressed. )
A small absorption efficiency, on the other hand, implies Ta<1.098 eV BN/AE~05 APN. ©)

an eqqally _small _emissivity. A small emissivity is impo_rte_mt The ratio of radiation energy densities to the thermal equi-
in conjunction with the absence of background radlatlon."brium densities is then evaluated to be less than

Since the surroundings are much colder than the particle, th@5 A2N/N2. SinceN is the number of valence electrons in

rad_latl_on 1;rom me eXt?.r'?r 1S negligibly 3mt?1". It aLlcj[o_ thtit e particle which ranges from a few hundred to a few thou-
emission from the particie 1S suppressed, the resuit 1S thad, \y 554, 2 is on the order of 10A2, the ratio is orders of

I|ttle_ radiation is present at all to stm_‘nulate radlat!on. from themagnitude smaller than 1, at least in the casd® @ where
particle. The consequence is that stimulated emission is pra’_&—

. . . ._particle sizes are known. Hence the radiation from the par-
tically at_)sent. The amount to Wh[(:_h _th|s reduqes thg radial icles does not stimulate any emission.
energy is found by thermal equilibrium considerations. In

thermal librium. the ratio of ntan 1o total emitted It is useful to have an explicit expression for the photon
ermai equ um, the ratio of spontaneous to total emitety yission rate in the absence of background radiation but for
energy at frequency is equal to

a given temperature. It is derived using the relafib]

An 3
=1— —hV/kBT’ 3 8whv
A"+ pB © @ PmAm="—c3— PnBr, @)

independent of the properties of the initial and final states
and n. Here, p is the thermal equilibrium radiation energy

density. The optical constan#s], and B}, (and B}, used

wherep, ,pn, are the degeneracies for the statesmdm with
energiesk,, and E,,,, respectively. We are concerned with
s X o , averages and sums over statemwith a constant difference
below) are defined as ifi11]. The radiation from optically i, energy ofhy. The thermal average is thus over all initial

thin particles at temperatufebut in a radiationless environ- giates populated with the proper statistical weights, and the
ment is therefore reduced by this factor as compared with thg i, is over all final states with appropriate energy. The ther-

macr(_)scopic bl_ackbody expre_ssion. . ) mally averaged emission/absorption rates per frequency in-
This conclusion only holds if the particle emits an amountiaal are then. witlz the partition function

of radiation insufficient to provide any significant back-
ground radiation density. It is possible to get an estimate as 1 E —E
. . . S ' n —E.../kaT m n
to whether the particle size exceeds this limit if a part of the (A")= Z E AmPme "™ o —h V)
. . . . . . . m,n
emission spectrum is known. The estimate is simplest if the
emission spectrum is smooth with no strong features. This is 1 E _E
indeed the case for the spectra[@f5]. Consider first the (Bly== 2 BMpe” En/kBTé\(u_ V), @)
effect emitted in thermal equilibrium at a given frequeney, Z h
It is of the orderopcdv, whereo is the absorption cross
section andp is still the equilibrium radiation density. The ;o 1 N CE kaT m— En
energy is emitted in a volume of the order »f where it <Bemis>=z % Bmpme "m7816 1 Y
resides for time of the order of/c. This gives an energy
density on the order ofpcdvh/c/\3=pdvo/\2. Since the The relation Eq(7) yields
equilibrium value ispdv, the emission gives a background
radiation on the order of/\? of the equilibrium value. 8why? 8mhv? - E,—E,
e . L ——5— (Bl Z= > p,BTe EnkeTs L1,
An upper limit for o is then found combining the mea- — 3 ab A Pnbn h
sured spectra and sum rules. The energy integrated absorp- '

tion cross section is given by the number of valence elec- “e kat o Em—En
trons in the particleN [12]: =;1 Anpme mnels Y
* e? 2m°h _ ahulkgT/ A7
f o dE= N. (4) e e (A")Z, 9
0 47mey CMg

where the last equality simply follows from the fact that
The right-hand side of this is evaluated to 1.098 eNAA  En=E,+hv. Thus the relation
lower limit of the integral can also be estimated in terms of
an average cross section using the experimental curves. (A"Y=(BL.) 8mh y3e—hvikeT (10)
These are quite smooth with the implication thais fairly abs' 3 '
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The prime indicates that the averages are differential quantenergy intervalSE,, replaceso,,p,, with the interval average
ties with units as the coefficients per frequency interval. Thiso(E,)) throughX,o,p,=o(E,)p(E,) SE,. Thus

should be compared to the more familiar result which in-
cludes stimulated emission:

8wy n
—z~ 0(En)P(Eq) OE,=hp(Eq+hp) X AY(E,+hy),

(1) (15)

where the sum on the right-hand side is over the staties

The result in Eq(10) pertains to a situation where ther- the energy intervabE,,. Since the frequency interval v
mal equilibrium is established by means other than radiation= 5g /h, the photon emission rate per frequency interval
but is nevertheless present. Often particles are isolated as, far
example, in molecular beam experiments. Such particles
must be described as a microcanonical system, i.e., they pos- , n
sess a certain internal energy rather than a temperature. With A'(Eqpt h”)ﬁ”zzn: A(Epth), (16)
the absence of a temperature, Planck’s radiation law cannot
be valid in the canonical form and a replacement must bgs then given by
found. These rules can be found by application of the rela-
tion in Eq. (7). By the hypothesis of strong statistical mixing, 8mv? p(E—hv)
a state of the radiating particle is specified by conserved A'(E)= —z o(E=hy) NGCH 17
guantities: the energy, the angular momentum, and the mo-
mentum. Hence the relevant quantity for characterizing thguhen E=E,=E,+hv. This is the microcanonical, small

radiation from the particles in the case of strong statisticabarticle analog of the well known Planck radiation law in Eq.
mixing is the average over all microstates with the samq1y).

values of these conserved quantities. In other words, we can |t js interesting to note that Eq17) is similar to the
describe the radiation from a molecule with given values Ofangu|ar momentum averaged Weisskopf expression for neu-
the conserved quantities by a single set of Einstein coeffitron emission from hot nucldi13], an expression that has
cients. The prObIem reduces furthel’, since neither conservgiso been app“ed to unimolecular reaction rates. The differ-
tion of linear nor angular momentum effects the emissionence is that the activation energy for photons is zero and the
rates much. The first implies a correction on the order of thgeye| density due to the motion of the fragment is replaced by
Doppler shift. Angular momentum is potentially more rel- the level density of the photon, i.e., the electromagnetic
evant since the photon itself carries one quantum. Howevemode density. The similarity of the two expressions is rooted
the rotational constants of most molecules are so small tha# the similar starting points, viz., detailed balance consider-

the levels are spaced much more densely than the averag@ons. Although the close correspondence is not surprising,
photon energy. Even applying selection rules, the absorptiop js nevertheless gratifying.

and emission can be considered as a continuous function of Previously Dunbaget al. and Allamandolzet al. have de-
energy. Hence only the internal energy need be consideraged microcanonical expressions for thermal radiation from
when specifying the state of the molecule. The degeneracigfioleculeq14,15. These solutions contain some of the same
pn andpp, can then be replaced by the level densities at theilements as ours, mainly the finite heat bath effects intro-
corresponding energiep(E;) = p(E,—hv) andp(E). duced through the level density. The main limitation of these

A formal derivation proceeds as follows: The relat[d2]  results is that only the vibrationalv = 1 transitions are con-
sidered. This limits these results to the infrared part of the
oM °_ BM ( Em— En_ V) (12) spectrum which can therefore not account for emission of the
“hy 0 h much more energetic visible and ultraviolet radiation ob-

served in, e.g.[5,4].

87h . e—hv/kBT
<A>+p<Bemis>:<Bab9 c3 v 1

o NikgT

combined with Eq(7) yields The difference between the canonical Plafighe) radia-
E_E 82 82 tion law and ours is most pronounced in the extremes of the
E NI L —. = E m— spectrum. Comparing first the two canonical versions of the
PmAm v 72— Pn Oy 2 PnOn, AR .
m h c m c radiation law, Eqs(11) and (10), the correction for absent

(13)  stimulated emission is given by the factor—&~""/sT,

which is approximatelyhv/kgT for small photon energies
and negligible for large photon energies. To be specific, let
us take theQ,ps Of Eq. (2) to be proportional tov, corre-
sponding to a frequency-independent dielectric function. The

whereo, is the total cross section at frequeneyrom state
n, o,==,0p . Using the statistical mixing ansatz, we can
replace the remaining sum over emitting statesvith an

integral, Mie-Planck expression for the emitted energy density
8 2 © E - E v -
% PO n= Jl) dEmp(Em)An(Em)ﬁ( mh n_ V) P( V)dVOC V4(eh IkgT 1) ldV
~v3kgTe " eTdy  (hv<kgT)  (18)
=hp(E,+hv)A"(E,+hv), (14

will instead be
where A"(E,,) is the emission coefficient from enerdy,
+hv into staten. Summing over alln states in the small P(v)dvocvte "keTdy  (hw<kgT). (19
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The total emitted energy, however, will only be reduced by 6 hc a he \?2

the modest factor of Riemannzsfunction with argument 5, P(N)dAoch™"expg — + 5= —) dx,
NkaTm ' 2C, | NkgTm

1/£(5)=1/1.0369... . (26)
Much more important are the differences at high photon

energy. The two expressions E@&7) and(10) differ at high  where the coefficiena is defined as
photon energies due to the finite level density of the par-

ticles. A particle with a level densitp(E)o(E+Eq) 1

and the derived high-temperature caloric cutve C kgT
—Eq emits radiation with the spectral distribution
c,~1

dv. (20

hv
E+E,

P(v)dv=Ahv dvx V4( 1-

With the microcanonical temperatufg,,

2
CUUE

a=——-—1.
(E4+Eop)

(27)

This relation incorporates the two preceding cages —1
for microcanonical an@=0 for canonical.

Obviously the value of depends on the method used to
prepare the ensemble in a given experiment. But it is pos-
sible to give the asymptotic value ef i.e., the value after a
sufficient number of photons has been emitted. Upon photon

-1
m:(d In(p(E))) - E+Eo ~ E+E0, (21)  emission the width of the energy distribution is increased by
dE ¢,-1 C, the spread in photon energies and by the fact that emissions
th itted density b occur statistically in time. This increases the variance of the
€ emitted energy density becomes energy distribution during one typical photon emission time
hy |Co1 from o2 to o2+ o2, +(hv)2. The first is the variance of the
P(v)dvepv?| 1— T C dv. (220  individual photon energies, approximatélyr)?/(n+1) for
BIm+v a radiation lawP(v)dvx=v"p(E—hv)/p(E)dv. The second
This can be approximated Ljy6] is the variance in energy due to the distribution in the num-
ber of emitted photons. After the emission of the average of
4 hv 1 (hv)? one photon, the variance in the number is also 1, assuming
P(v)dvecviexp — keTy  2C, (KgTm)2 dv. (23  poisson statistics. Then the variance in energy is simply the

average photon squargdhr)?. On the other hand, the width
The finite-size correction is summarized in the second-ordeof the distribution is reduced because the most highly excited
term in the exponent. It is analogous to the finite heat bathmolecules have a higher emission rate. Hence the high-
effect discussed by Klots but it differs from it due to its energy side of the distribution will lose energy faster than the
energy dependence. Since the photon energy varies frolow-energy side, effectively compressing the distribution.
zero to several eV, the equivalent temperature of the theorWe can estimate this compression if we note that the energy
is not a constant but varies with the emission channel. To thdistribution f (E) with width o2 is changed to
same precision as previously, the emitted energy density be-

comes

f (29)

T n+1
E+<hu)(_|_—m)
hv 9

 keTo—hwizc, | 97" (24)

4
P(v)dvecy exp< when on the average one photon is emitfEglis the micro-

canonical temperature corresponding to the average energy.
Whereas the frequency-integrated radiated energy is onlyhe last term in the argument accounts for the energy depen-
reduced by a factor of approximately {16/2C,)° compared  dence of the photoemission rate. Expanding the argument to
to Eq. (10), the distortion of the spectrum in the visible and first order in the energy and using théiv)=(n+ 1)Tq,
the uv region where optical measurements are usually peye see that the energy scales with the factot (@
formed is significant. Corrections for a frequency depen-+1)2/C . Provided this is close to 1, i.e., for not too small
dence of the emissivity other than the\1ised here is easily o cali)acities, the variance will then scale with 2(n

made in the results here. +1)%/C, . Hence the variance will be compressed with the
term —2(n+1)?02/C, . For an average photon emission of

CONSEQUENCES FOR THE ANALYSIS energy(hv), the total change of the variance is then

OF EXPERIMENTS

2 2
In order to apply Eq(17) to interpret experimental spec- 02=<h”> +(hv)2—2(n+1)2 9E (29)
tra, one must take into account the distribution of energies n+1 C,

carried by the molecules. In general, this must be done by ) )

integrating Eq.(17) over the energy distribution but for suf- Since (hv)=(n+1)(E4+Eg)/C,, the stationary point of

ficiently narrow distributions this can be done approximatelythis equation is given by

and expressed in terms of the first two moments of the dis- 5 5

tribution. Parametrizing the distribution by a Gaussian, 02:(E9+ Eo)*(1+1(n+1)) (EgtEo) _T2¢ o
E 2C, 2C, m=or

f(E)dExexp(— (E—Eg)%20), (25) (30)

leads by a saddle-point expansion to the result, valid to leadFhis is less than the canonical variance by a factor 2. One
ing order in 1C, andog/(Eqy+Ey), will retrieve the canonical value if exposing the particle to an



PRE 58 THERMAL RADIATION FROM SMALL PARTICLES 5481

equilibrium radiation field: The first two terms in E(B0) The positive value ofa indicates that the molecules in
are doubled since absorption is as frequent and will inducéhese experiments are desorbed with an energy distribution
the same changes as emission. which is broader than canonical and have not reached the

The variance on the energy distribution given in E2p) asymptotic value of the radiative ensemble. This is con-
is identical to the one pertaining to an evaporative equilibfirmed by a comparison of the observation time[6f (10
rium for large cluster$l7]. The reason is the shared feature us) with the absolute cooling rate fo€g, anions which,
that the emission rates in both cases only change moderatelyhen converted to a temperature of 1700 K, gives an average
for two consecutive decays. For the asymptotic situation thghoton emission rate of 0.5 ms A similar rate(0.3 ms %)
a parameter of Eq(17) is then equal to-3. This should be is obtained if the relatively low temperature gas phase ab-
compared to the microcanonical and isoenergetic vakie  sorption cross sectigri9—-21 is inserted into Eq(17) and a
—1 and the canonical value af=0. The number of photon »® behavior of the cross section is assumed, consistent with
emissions needed to reach the asymptotic value is on thihe power law fitted irf9]. For the latter estimate the litera-
order of C,/2(n+1)2, which for, e.g.,Cg is 2—3 whenn ture values of the cross sections\at 330 nm were averaged
=5. These results are radiative analogs of results derived fdp 2 A% and the peak structure in the absorption seen in
the evaporative ensemtl&7,18 and constitute the basics of [20,21] was assumed to have disappeared at the higher tem-
a radiative ensemble based on statistical, thermal radiatioqperatures that are relevant here. In view of the uncertainties
By comparison witH17] we see that an important effect is to in the absorption cross section, the two rates agree very well.
replace the evaporative Gspann parameter by the quantifjhe conclusion is that the emission spectra probe the energy
v2(n+1) which is generally smaller. distribution as produced during the desorption. Provided a
We have refitted the data ¢&], which show the light realistic dielectric function is available, spectra of this kind
emitted from laser desorpétl,. The data were fitted by the can then be used to obtain information on the desorption
authors to an energy density function of the Planck-Mie formprocess itself.
with a constant dielectric constant,

P(N)dhoch ~8(1—e~NorkeT)~1g), (31) CONCLUSION

We have derived an expression for the emission of light
m small and highly excited particles. The expression is
analogous to formulas for unimolecular decay rates due to
the common feature of a limited heat capacity and the ab-
sence of stimulated emission. The formula is applied to ex-
erimental spectra of laser desorb€gy. We find that the
esorbed material has an energy distribution which is wider
n a canonical distribution and that the width is created

with the resultsT = 2540, 2570, 2950, and 2380 K. We used fro
Eq. (26) and a version of Eq.17) based on the emissivity of
a metallic spherg¢9]. The latter increases the frequency de-
pendence by a factar compared to Eq(17) and was sug-
gested to account for the radiative cooling ©f, anions.
Both gave significantly reduced fitted temperatures and als
a reduced spread in the values. The values are, in the sa
order, 2020, 1800, 1820, and 1790 K for Eg6) and 1750, - : .

1590, 1610, and 1500 K for the metallic version of EL7). ?;Orl:ggvt:ig;?:rptlon process and not during the subsequent
The relative difference in fitted temperature is approximately g
1/n as expected. The values afare quite similar for all fits

in both caseg2.8, 3.7, 4.5, and 3)0and (2.9, 3.4, 4.1, and ACKNOWLEDGMENTS

3.2 corresponding to a width on the energy distribution

which is about a factor 2 bigger than the canonical value. It The work of K.H. has been supported by the European
was not possible to distinguish between the two differentCommunity through the HCM Network “Formation, Stabil-
emissivities from the quality of the fit but the systematicity and Photophysics of Fullerenes.” Conversations with R.
undershoot at small wavelengths[#] has disappeared. Mitzner are gratefully acknowledged.

[1] M. Planck, Warmestrahlung(1914), translated inThe Theory [7] K. Hansen and E. E. B. Campbell, J. Chem. PH@4, 5012

of Heat Radiation(Dover, New York, 1991 (1996.
[2] E. A. Rohlfing, J. Chem. Phy89, 6103(1988. [8] J. Laskin, J. M. Behm, K. R. Lykke, and C. Lifshitz, Chem.
[3] R. Scholl and B. Weber, ifPhysics and Chemistry of Finite Phys. Lett.252 277 (1996.
Systems: From Clusters to Crystalol. 374 of NATO Ad- [9] J. U. Andersen, C. Brink, P. Hvelplund, M. O. Larsson, B.
vanced Study Institute Series C: Physiguwer Academic, Bech Nielsen, and H. Shen, Phys. Rev. L&#. 3991(1996.
New York, 1992, p. 1275. [10] C. F. Bohren and D. R. Huffmaibsorption and Scattering of
[4] U. Frenzel, A. Roggenkamp, and D. Kreisle, Chem. Phys. Lett. Light by Small ParticlesWiley, New York, 1983.
240, 109 (1995. [11] A. Einstein, Z. Phys18, 121 (19179, reprinted inSources of
[5] R. Mitzner and E. E. B. Campbell, J. Chem. Phy83 2445 Quantum Mechani¢sedited by B. L. Van der Waerdeo-
(1995. ver, New York, 1967.

[6] E. Kolodney, A. Budrevich, and B. Tsipinyuk, Phys. Rev. Lett. [12] H. Friedrich, Theoretical Atomic PhysicgSpringer-Verlag,
74, 510(1995. Berlin, 1991.



5482 K. HANSEN AND E. E. B. CAMPBELL PRE 58

[13] V. Weisskopf, Phys. Re\b62, 295(1937. [18] C. E. Klots, J. Phys. Chen®2, 5864(1988.
[14] R. C. Dunbar, J. Chem. Phy80, 7369(1989. [19] Brian B. Brady and Edward J. Beiting, J. Chem. Ph9%,
[15] L. J. Allamandola, A. G. G. M. Tielens, and J. R. Barker, 3855(1992.

Astrophys. J., Suppl. Ser.l, 733(1989. [20] Qihuang Gong, Yuxing Sun, Ziwen Huang, Xihuang Zhu, Z.
[16] S. Frauendorf, Z. Phys. B5, 191 (1995. N. Gu, and Di Qiang, J. Phys. 87, L199 (1994).

[17]U. Naher and K. Hansen, J. Chem. Phy&01, 5367 [21] C. E. Coheur, M. Carleer, and R. Colin, J. Phys2® 4987
(19949. (1996.



