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Thermal radiation from small particles
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We derive an expression for the emission of electromagnetic radiation from small, highly excited, and
isolated particles in a cold environment. The result is a generalization of Planck’s blackbody formula on two
counts. One is due to the finite level densities of small particles. It is most pronounced for very small particles
and for high photon energies. The other effect is the absence of stimulated emission which influences the
low-energy part of the spectrum. We discuss some consequences for the interpretation of experimental emis-
sion spectra.@S1063-651X~98!03211-5#

PACS number~s!: 05.70.2a, 44.40.1a, 36.40.2c, 95.30.Jx
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INTRODUCTION

Thermal radiation has had a profound significance on
development of modern physics@1# and is one of the funda
mental processes in nature. It has an importance that spa
very large range of physical systems, from astronomical
cosmological questions to the more specialized but rela
discipline of thermal radiation from small particles. The la
ter has recently been the object of laboratory experime
which demonstrated thermal radiation from small particles
well as from clusters and molecules@2–5#. Also the influ-
ence of radiative cooling on unimolecular reaction rates
been studied, mainly in fullerene molecules@6–9#.

The radiation spectra have all been interpreted in term
Planck radiation, modified by a spectral emissivity whi
depends on both the wavelength of the light and the dim
sion of the particle@10# in a nontrivial extension of the op
tical properties of macroscopic bodies to microscopic siz
In this paper we consider how the Planck radiation its
must be generalized in order to describe the radiation fr
small particles, a generalization which goes beyond
modifications due to the emissivity. In the situations d
scribed in@2–5#, the radiation will be shown to have a form
different from the usual radiation law of a Planck express
corrected by an emissivity. For sufficiently small particle
not only the spectral emissivity differs from bulk values, b
the radiation will also be influenced by the finite number
degrees of freedom of the particles.

OPTICAL EMISSION FROM SMALL, ISOLATED
PARTICLES

As in the case of the spectral emissivity corrections,
modifications can be traced to the finite size of the partic
They apply to small particles that only exchange energy w
the surroundings through emission of radiation. The deri
tion will follow the one given by Einstein@11# and gives the
spectral emission in terms of optical and energetic proper
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of the particles. Although the results are derived with m
lecular beam experiments in mind, they are generally ap
cable to radiation from small, isolated, and highly excit
particles in a radiative cold environment. These particles w
also be assumed to exhibit a strong statistical mixing
states, so that the emission rate and the frequency of
emitted light is independent of the way the energy is ori
nally deposited into the particle. This implies that the rad
tive lifetime is much longer than the time needed to e
change energy between two quasistationary states. Eve
very small particles, the evidence obtained so far arg
strongly in favor of this ordering. The emission spectra m
sured in@2–5# are surprisingly similar considering the ver
different preparation methods; they range from pulsed la
desorption of carbon molecules to chemical oxidation
transition-metal clusters.

The emitted radiation from small, isolated particles
changed compared to macroscopic radiation for four diff
ent reasons: ~i! The finite linear size of the particles influ
ences the spectral emissivity~see@10#!, as mentioned above
~ii ! the related but different phenomenon of a limited he
capacity,~iii ! the fact that the radiation occurs at specifi
energy as opposed to constant temperature, and finally~iv!
that the particles emit the radiation without the presence
any appreciable blackbody radiation from the surroundin

The finite-size effects of the emissivity mentioned und
~i! arenot the subject of this paper and we will not go in
details with the subject but simply apply the results whe
ever needed. Let us just mention that the theory relates
absorption efficiency,Qabs, of the very small particles in
e.g., @4,5# ~on the order of 100 atoms! to the ratio of the
particle radiusr and the wavelength of the emitted photo
l and to a function of the complex index of refraction,m.
Qabsis defined as the ratio between the actual photon abs
tion cross section and the geometric one,

sabs[Qabspr 2. ~1!

Under certain conditions the relation attains a particula
simple form@10#:
5477 © 1998 The American Physical Society
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Qabs5
8pr

l
ImS m221

m212D . ~2!

This expression was used in@4,5# with m constant. To the
extent this simplified expression holds, one sees that the
sorption cross section is proportional to the volume of
particle or, in other words, to the number of atoms comp
ing the particle. In the spectral regions wherem behaves
reasonably, i.e., away from resonances,Qabs is small com-
pared to one by a factor of typicallyr /l and the absorption
cross section is similarly suppressed.

A small absorption efficiency, on the other hand, impl
an equally small emissivity. A small emissivity is importa
in conjunction with the absence of background radiati
Since the surroundings are much colder than the particle
radiation from the exterior is negligibly small. If also th
emission from the particle is suppressed, the result is
little radiation is present at all to stimulate radiation from t
particle. The consequence is that stimulated emission is p
tically absent. The amount to which this reduces the rad
energy is found by thermal equilibrium considerations.
thermal equilibrium, the ratio of spontaneous to total emit
energy at frequencyn is equal to

Am
n

Am
n 1rBm

n 512e2hn/kBT, ~3!

independent of the properties of the initial and final statem
and n. Here, r is the thermal equilibrium radiation energ
density. The optical constantsAm

n and Bm
n ~and Bn

m , used
below! are defined as in@11#. The radiation from optically
thin particles at temperatureT but in a radiationless environ
ment is therefore reduced by this factor as compared with
macroscopic blackbody expression.

This conclusion only holds if the particle emits an amou
of radiation insufficient to provide any significant bac
ground radiation density. It is possible to get an estimate
to whether the particle size exceeds this limit if a part of
emission spectrum is known. The estimate is simplest if
emission spectrum is smooth with no strong features. Th
indeed the case for the spectra of@2–5#. Consider first the
effect emitted in thermal equilibrium at a given frequency,n.
It is of the ordersrcdn, wheres is the absorption cros
section andr is still the equilibrium radiation density. Th
energy is emitted in a volume of the order ofl3 where it
resides for time of the order ofl/c. This gives an energy
density on the order ofsrcdnl/c/l35rdns/l2. Since the
equilibrium value isrdn, the emission gives a backgroun
radiation on the order ofs/l2 of the equilibrium value.

An upper limit for s is then found combining the mea
sured spectra and sum rules. The energy integrated ab
tion cross section is given by the number of valence e
trons in the particle,N @12#:

E
0

`

s dE5
e2

4pe0

2p2\

cme
N. ~4!

The right-hand side of this is evaluated to 1.098 eV Å2N. A
lower limit of the integral can also be estimated in terms
an average cross section using the experimental cur
These are quite smooth with the implication thats is fairly
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constant over the spectral range covered. Then the integr
on the order ofsavDE, wheresav is the average cross sec
tion in the wavelength region andDE is the photon energy
interval spanned in the experiment.DE is typically 2–3 eV.
Thus

E
0

`

s dE.savDE. ~5!

Then the cross sectionsav is limited by

sav,1.098 eV Å2N/DE;0.5 Å2N. ~6!

The ratio of radiation energy densities to the thermal eq
librium densities is then evaluated to be less th
0.5 Å2N/l2. SinceN is the number of valence electrons
the particle which ranges from a few hundred to a few tho
sand andl2 is on the order of 107 Å 2, the ratio is orders of
magnitude smaller than 1, at least in the cases of@5,4# where
particle sizes are known. Hence the radiation from the p
ticles does not stimulate any emission.

It is useful to have an explicit expression for the phot
emission rate in the absence of background radiation but
a given temperature. It is derived using the relation@11#

pmAm
n 5

8phn3

c3 pnBn
m , ~7!

wherepn ,pm are the degeneracies for the statesn andm with
energiesEn and Em , respectively. We are concerned wi
averages and sums over statesn,mwith a constant difference
in energy ofhn. The thermal average is thus over all initi
states, populated with the proper statistical weights, and
sum is over all final states with appropriate energy. The th
mally averaged emission/absorption rates per frequency
terval are then, withZ the partition function,

^A8&[
1

Z (
m,n

Am
n pme2Em /kBTdS Em2En

h
2n D ,

^Babs8 &[
1

Z (
m,n

Bn
mpne2En /kBTdS Em2En

h
2n D , ~8!

^Bemis8 &[
1

Z (
m,n

Bm
n pme2Em /kBTdS Em2En

h
2n D .

The relation Eq.~7! yields

8phn3

c3 ^Babs8 &Z5
8phn3

c3 (
m,n

pnBn
me2En /kBTdS Em2En

h
2n D

5(
m,n

Am
n pme2En /kBTdS Em2En

h
2n D

5ehn/kBT^A8&Z, ~9!

where the last equality simply follows from the fact th
Em5En1hn. Thus the relation

^A8&5^Babs8 &
8ph

c3 n3e2hn/kBT. ~10!
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The prime indicates that the averages are differential qua
ties with units as the coefficients per frequency interval. T
should be compared to the more familiar result which
cludes stimulated emission:

^A&1r^Bemis&5^Babs&
8ph

c3 n3
e2hn/kBT

12e2hn/kBT . ~11!

The result in Eq.~10! pertains to a situation where the
mal equilibrium is established by means other than radia
but is nevertheless present. Often particles are isolated as
example, in molecular beam experiments. Such parti
must be described as a microcanonical system, i.e., they
sess a certain internal energy rather than a temperature.
the absence of a temperature, Planck’s radiation law ca
be valid in the canonical form and a replacement must
found. These rules can be found by application of the re
tion in Eq.~7!. By the hypothesis of strong statistical mixin
a state of the radiating particle is specified by conser
quantities: the energy, the angular momentum, and the
mentum. Hence the relevant quantity for characterizing
radiation from the particles in the case of strong statist
mixing is the average over all microstates with the sa
values of these conserved quantities. In other words, we
describe the radiation from a molecule with given values
the conserved quantities by a single set of Einstein coe
cients. The problem reduces further, since neither conse
tion of linear nor angular momentum effects the emiss
rates much. The first implies a correction on the order of
Doppler shift. Angular momentum is potentially more re
evant since the photon itself carries one quantum. Howe
the rotational constants of most molecules are so small
the levels are spaced much more densely than the ave
photon energy. Even applying selection rules, the absorp
and emission can be considered as a continuous functio
energy. Hence only the internal energy need be consid
when specifying the state of the molecule. The degenera
pn andpm can then be replaced by the level densities at
corresponding energies,p(En)5p(Em2hn) andp(Em).

A formal derivation proceeds as follows: The relation@12#

sn
m c

hn
5Bn

mdS Em2En

h
2n D ~12!

combined with Eq.~7! yields

(
m

pmAm
n dS Em2En

h
2n D5

8pn2

c2 pn(
m

sn
m[

8pn2

c2 pnsn ,

~13!

wheresn is the total cross section at frequencyn from state
n, sn5(msn

m . Using the statistical mixing ansatz, we ca
replace the remaining sum over emitting statesm with an
integral,

8pn2

c2 pnsn5E
0

`

dEmp~Em!An~Em!dS Em2En

h
2n D

5hp~En1hn!An~En1hn!, ~14!

where An(Em) is the emission coefficient from energyEn
1hn into staten. Summing over alln states in the smal
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energy intervaldEn replacessnpn with the interval average
s(En) through(nsnpn5s(En)p(En)dEn . Thus

8pn2

c2 s~En!p~En!dEn5hp~En1hn!(
n

An~En1hn!,

~15!

where the sum on the right-hand side is over the statesn in
the energy intervaldEn . Since the frequency interval isdn
5dEn /h, the photon emission rate per frequency interv
A8,

A8~En1hn!dn[(
n

An~En1hn!, ~16!

is then given by

A8~E!5
8pn2

c2 s~E2hn!
p~E2hn!

p~E!
~17!

when E[Em5En1hn. This is the microcanonical, sma
particle analog of the well known Planck radiation law in E
~11!.

It is interesting to note that Eq.~17! is similar to the
angular momentum averaged Weisskopf expression for n
tron emission from hot nuclei@13#, an expression that ha
also been applied to unimolecular reaction rates. The dif
ence is that the activation energy for photons is zero and
level density due to the motion of the fragment is replaced
the level density of the photon, i.e., the electromagne
mode density. The similarity of the two expressions is roo
in the similar starting points, viz., detailed balance consid
ations. Although the close correspondence is not surpris
it is nevertheless gratifying.

Previously Dunbaret al. and Allamandolaet al. have de-
rived microcanonical expressions for thermal radiation fro
molecules@14,15#. These solutions contain some of the sam
elements as ours, mainly the finite heat bath effects in
duced through the level density. The main limitation of the
results is that only the vibrationalDv51 transitions are con-
sidered. This limits these results to the infrared part of
spectrum which can therefore not account for emission of
much more energetic visible and ultraviolet radiation o
served in, e.g.,@5,4#.

The difference between the canonical Planck~Mie! radia-
tion law and ours is most pronounced in the extremes of
spectrum. Comparing first the two canonical versions of
radiation law, Eqs.~11! and ~10!, the correction for absen
stimulated emission is given by the factor 12e2hn/kBT,
which is approximatelyhn/kBT for small photon energies
and negligible for large photon energies. To be specific,
us take theQabs of Eq. ~2! to be proportional ton, corre-
sponding to a frequency-independent dielectric function. T
Mie-Planck expression for the emitted energy density

P~n!dn}n4~ehn/kBT21!21dn

'n3kBTe2hn/kBTdn ~hn!kBT! ~18!

will instead be

P~n!dn}n4e2hn/kBTdn ~hn!kBT!. ~19!
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The total emitted energy, however, will only be reduced
the modest factor of Riemann’sz function with argument 5,
1/z(5)51/1.0369... .

Much more important are the differences at high pho
energy. The two expressions Eqs.~17! and~10! differ at high
photon energies due to the finite level density of the p
ticles. A particle with a level densityp(E)}(E1E0)Cv21

and the derived high-temperature caloric curveE5CvkBT
2E0 emits radiation with the spectral distribution

P~n!dn5Ahn dn}n4S 12
hn

E1E0
D Cv21

dn. ~20!

With the microcanonical temperatureTm ,

Tm5S d ln„p~E!…

dE D 21

5
E1E0

Cv21
'

E1E0

Cv
, ~21!

the emitted energy density becomes

P~n!dn}n4S 12
hn

kBTmCv
D Cv21

dn. ~22!

This can be approximated by@16#

P~n!dn}n4expS 2
hn

kBTm
2

1

2Cv

~hn!2

~kBTm!2Ddn. ~23!

The finite-size correction is summarized in the second-or
term in the exponent. It is analogous to the finite heat b
effect discussed by Klots but it differs from it due to i
energy dependence. Since the photon energy varies
zero to several eV, the equivalent temperature of the the
is not a constant but varies with the emission channel. To
same precision as previously, the emitted energy density
comes

P~n!dn}n4expS 2
hn

kBTm2hn/2Cv
Ddn. ~24!

Whereas the frequency-integrated radiated energy is
reduced by a factor of approximately (126/2Cv)5 compared
to Eq. ~10!, the distortion of the spectrum in the visible an
the uv region where optical measurements are usually
formed is significant. Corrections for a frequency depe
dence of the emissivity other than the 1/l used here is easily
made in the results here.

CONSEQUENCES FOR THE ANALYSIS
OF EXPERIMENTS

In order to apply Eq.~17! to interpret experimental spec
tra, one must take into account the distribution of energ
carried by the molecules. In general, this must be done
integrating Eq.~17! over the energy distribution but for su
ficiently narrow distributions this can be done approximat
and expressed in terms of the first two moments of the
tribution. Parametrizing the distribution by a Gaussian,

f ~E!dE}exp„2~E2Eg!2/2sE
2
…, ~25!

leads by a saddle-point expansion to the result, valid to le
ing order in 1/Cv andsE /(Eg1E0),
y
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P~l!dl}l26expF2
hc

lkBTm
1

a

2Cv
S hc

lkBTm
D 2Gdl,

~26!

where the coefficienta is defined as

a5
CvsE

2

~Eg1E0!221. ~27!

This relation incorporates the two preceding cases~a521
for microcanonical anda50 for canonical!.

Obviously the value ofa depends on the method used
prepare the ensemble in a given experiment. But it is p
sible to give the asymptotic value ofa, i.e., the value after a
sufficient number of photons has been emitted. Upon pho
emission the width of the energy distribution is increased
the spread in photon energies and by the fact that emiss
occur statistically in time. This increases the variance of
energy distribution during one typical photon emission tim
from sE

2 to sE
21shn

2 1^hn&2. The first is the variance of the
individual photon energies, approximately^hn&2/(n11) for
a radiation lawP(n)dn}nnp(E2hn)/p(E)dn. The second
is the variance in energy due to the distribution in the nu
ber of emitted photons. After the emission of the average
one photon, the variance in the number is also 1, assum
Poisson statistics. Then the variance in energy is simply
average photon squared,^hn&2. On the other hand, the width
of the distribution is reduced because the most highly exc
molecules have a higher emission rate. Hence the h
energy side of the distribution will lose energy faster than
low-energy side, effectively compressing the distributio
We can estimate this compression if we note that the ene
distribution f (E) with width sE

2 is changed to

f FE1^hn&S Tm

Tg
D n11G ~28!

when on the average one photon is emitted.Tg is the micro-
canonical temperature corresponding to the average ene
The last term in the argument accounts for the energy dep
dence of the photoemission rate. Expanding the argumen
first order in the energy and using that^hn&5(n11)Tg ,
we see that the energy scales with the factor 11(n
11)2/Cv . Provided this is close to 1, i.e., for not too sma
heat capacities, the variance will then scale with 112(n
11)2/Cv . Hence the variance will be compressed with t
term 22(n11)2sE

2/Cv . For an average photon emission
energy^hn&, the total change of the variance is then

DsE
25

^hn&2

n11
1^hn&222~n11!2

sE
2

Cv
. ~29!

Since ^hn&5(n11)(Eg1E0)/Cv , the stationary point of
this equation is given by

sE
25

~Eg1E0!2
„111/~n11!…

2Cv
'

~Eg1E0!2

2Cv
5Tm

2 Cv/2.

~30!

This is less than the canonical variance by a factor 2. O
will retrieve the canonical value if exposing the particle to
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equilibrium radiation field: The first two terms in Eq.~30!
are doubled since absorption is as frequent and will ind
the same changes as emission.

The variance on the energy distribution given in Eq.~30!
is identical to the one pertaining to an evaporative equi
rium for large clusters@17#. The reason is the shared featu
that the emission rates in both cases only change moder
for two consecutive decays. For the asymptotic situation
a parameter of Eq.~17! is then equal to2 1

2. This should be
compared to the microcanonical and isoenergetic valuea5
21 and the canonical value ofa50. The number of photon
emissions needed to reach the asymptotic value is on
order of Cv/2(n11)2, which for, e.g.,C60 is 2–3 whenn
55. These results are radiative analogs of results derived
the evaporative ensemble@17,18# and constitute the basics o
a radiative ensemble based on statistical, thermal radia
By comparison with@17# we see that an important effect is
replace the evaporative Gspann parameter by the qua
&(n11) which is generally smaller.

We have refitted the data of@5#, which show the light
emitted from laser desorpedC60. The data were fitted by the
authors to an energy density function of the Planck-Mie fo
with a constant dielectric constant,

P~l!dl}l26~12e2hc/lkBT!21dl, ~31!

with the resultsT52540, 2570, 2950, and 2380 K. We us
Eq. ~26! and a version of Eq.~17! based on the emissivity o
a metallic sphere@9#. The latter increases the frequency d
pendence by a factorn compared to Eq.~17! and was sug-
gested to account for the radiative cooling ofC60 anions.
Both gave significantly reduced fitted temperatures and
a reduced spread in the values. The values are, in the s
order, 2020, 1800, 1820, and 1790 K for Eq.~26! and 1750,
1590, 1610, and 1500 K for the metallic version of Eq.~17!.
The relative difference in fitted temperature is approximat
1/n as expected. The values ofa are quite similar for all fits
in both cases~2.8, 3.7, 4.5, and 3.0! and ~2.9, 3.4, 4.1, and
3.2! corresponding to a width on the energy distributi
which is about a factor 2 bigger than the canonical value
was not possible to distinguish between the two differ
emissivities from the quality of the fit but the systema
undershoot at small wavelengths in@5# has disappeared.
et
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The positive value ofa indicates that the molecules i
these experiments are desorbed with an energy distribu
which is broader than canonical and have not reached
asymptotic value of the radiative ensemble. This is co
firmed by a comparison of the observation time of@5# ~10
ms! with the absolute cooling rate forC60 anions which,
when converted to a temperature of 1700 K, gives an aver
photon emission rate of 0.5 ms21. A similar rate~0.3 ms21!
is obtained if the relatively low temperature gas phase
sorption cross section@19–21# is inserted into Eq.~17! and a
n3 behavior of the cross section is assumed, consistent
the power law fitted in@9#. For the latter estimate the litera
ture values of the cross sections atl5330 nm were averaged
to 2 Å2 and the peak structure in the absorption seen
@20,21# was assumed to have disappeared at the higher
peratures that are relevant here. In view of the uncertain
in the absorption cross section, the two rates agree very w
The conclusion is that the emission spectra probe the en
distribution as produced during the desorption. Provide
realistic dielectric function is available, spectra of this kin
can then be used to obtain information on the desorp
process itself.

CONCLUSION

We have derived an expression for the emission of li
from small and highly excited particles. The expression
analogous to formulas for unimolecular decay rates due
the common feature of a limited heat capacity and the
sence of stimulated emission. The formula is applied to
perimental spectra of laser desorbedC60. We find that the
desorbed material has an energy distribution which is wi
than a canonical distribution and that the width is crea
during the desorption process and not during the subseq
radiative cooling.
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